Galaxies within galaxy clusters are known to be subject to a wide variety of environmental effects, both gravitational and hydrodynamical. In this study, we examine the purely gravitational interaction of idealised galaxy models falling into a galaxy cluster in the context of Modified Newtonian Dynamics (MOND). This modification of gravity gives rise to an external field effect (EFE), where the internal dynamics of a system are affected by the presence of external gravitational fields. We examine the consequences of the EFE on low and high mass disk galaxies in time-evolving analytic background cluster potentials, considering orbits with weak and strong tidal fields. By varying the orbital plane of the galaxies we also test the effect of having the tidal interaction orthogonal or parallel to the disk. Furthermore, we consider as a control sample models where the EFE has been removed and they are only affected by tides. Our results suggest that MOND cluster galaxies should exhibit clear asymmetries in their isophotes, suffer increased mass loss and a reduction in their rotation curves due to the combined effect of cluster tides and the external field. In particular, low mass galaxies are hit hard by the EFE, becoming dominated by dispersion rather than rotation even in the absence of tides.
INTRODUCTION
The "missing mass" problem is one of the classic problems of astronomy. In the context of individual disk galaxies, this missing mass, referred to as dark matter, manifests itself in the nonKeplerian behaviour of their rotation curves. This additional unseen mass is also required to explain observations of the velocity dispersions of galaxies within galaxy clusters as well as the X-ray temperature profile of the cluster gas. At the level of cosmology, dark matter is required to explain the power spectrum of temperature fluctuations in the CMB, and the process of structure formation more generally.
Direct and indirect detection searches for dark matter particles have made impressive improvements in sensitivity over the years, yet an unambiguous signal has so far proven elusive (see Klasen et al. 2015 for a recent review). Furthermore, from an aesthetic point-of-view, it may seem unsatisfactory to introduce a new particle species, with properties constructed precisely to elude immediate detection. Combined with the ongoing mystery of dark energy, the current standard cosmological model may be considered as a model with a (small) number of free parameters which can be adjusted to match observations extremely well, particularly at high E-mail: graeme.candlish@ifa.uv.cl redshift. The freedom within this model represents the entirely unknown nature of the dark sector: effectively a parameterisation of our ignorance. Furthermore, well into the non-linear regime, there are potential small-scale problems with the ΛCDM model (Bullock & Boylan-Kolchin 2017) , although these may eventually be resolved by improved baryonic physics in simulations (Sawala et al. 2016) . In addition, the recently discovered planes of satellites around the Milky Way, Andromeda and now Centaurus A (Müller et al. 2018) , present a potentially significant challenge to the standard picture of cold dark matter (for a review, see Pawlowski 2018) .
Given these issues and the fact that the evidence for the existence of dark matter is (so far) entirely derived from gravitational dynamics, it remains an intriguing possibility to consider a modification of gravity as being responsible for the missing mass phenomenology. A very well-known and studied modification is that of Milgrom's Modified Newtonian Dynamics (Milgrom 1983; Bekenstein & Milgrom 1984; Milgrom 2010) , referred to as MOND (for a thorough review see Famaey & McGaugh 2012) . The most common formulation of this paradigm is that of a modified gravitational potential, arising from an adjustment of the standard Poisson equation of Newtonian gravity. This adjustment is a function of the local accelerations, such that, in circumstances of weak accelerations below an empirically determined scale, the gradient of the gravitational potential is increased, and thus gravity is "strength-ened." Such a modification of gravity has interesting consequences throughout all of stellar and galactic dynamics (Kroupa 2015) , suggesting the need to study numerical N-body simulations within this regime.
Several such codes are now available, such as PoR (Lüghausen et al. 2015) , N-MODY (Londrillo and Nipoti 2009 ) and a MOND version of the cosmological code AMIGA (Llinares et al. 2008) . In this work we will use the MOND N-body/hydrodynamics code known as RAyMOND , which is based upon the RAMSES code (Teyssier 2002) . This code has previously been used to study possible signals of MOND gravity in cosmological structure formation (Candlish 2016) . In this study we work at the smaller scale of idealised galaxy models within a galaxy cluster.
One of the most spectacular examples of the effects of gravity on galactic dynamics is the tidal disruption of galaxies when they encounter the external gravitational fields of other galaxies or galaxy clusters. These gravitational interactions give rise to a wide range of environmental effects such as mergers, harassment (highspeed encounters between galaxies) and tidal stripping. A huge number of examples of such systems have been observed over the years, making clear that these effects are a crucial ingredient in the process of galaxy evolution, and can even lead to their formation, in the case of tidal dwarf galaxies. Furthermore, the tidal disruption of galaxies by the cluster potential itself is thought to be a crucial ingredient in the build-up of the intracluster light, which may require substantial stripping of massive galaxies (DeMaio et al. 2015) .
The central importance of these gravitational encounters for galaxy evolution compels us to consider them in the context of the MOND paradigm, possibly as a means to distinguish between MOND and dark matter models, as well as to explore the process of galaxy evolution in such modified gravity theories.
The main aim of our study is to examine the consequences of the external field effect on disk galaxies as they fall into a cluster. Previous analytical studies of the EFE have focussed on warping of galactic disks (Brada & Milgrom 2000) and the distortions of isophotes in giant ellipticals well within galaxy clusters (Wu et al. 2010) . A numerical approach (without full N-body dynamics) was taken to analyse the consequences of the EFE on the velocity dispersions of satellite dwarfs of the Milky Way (Lüghausen et al. 2014) . Beyond this, there have been a small number of studies of the dynamical effect of the EFE using N-body simulations. The study of Wu et al. (2017) searched for equilibrium N-body models of elliptical galaxies within an external field, while the studies of Thomas et al. (2017a,b) analysed the evolution of globular clusters in the external field of a host galaxy, finding that the EFE both distorts the shape of the globular clusters and induces asymmetries in the tidal streams. Recent analytical work has discussed the implications of ultra-diffuse galaxies within clusters for MOND (Milgrom 2015) . In this paper, however, we will analyse the effect of the external field on isolated galaxies that fall into a galaxy cluster, thus accounting for a time-varying EFE by including the infall process. One would expect the strength of the EFE in a low mass galaxy as it falls into a massive cluster to be considerable, given the large mass ratio and associated large difference in external and internal accelerations, and therefore potentially observable.
We begin with a brief description of the formulation of MOND used in our study in Section 2, before the simulations are discussed in Section 3. Our results are presented in Section 4 and finally our conclusions are in Section 5.
THEORETICAL BACKGROUND
The underlying concept of MOND has been formulated in a wide variety of theoretical contexts. While the origins of the paradigm lie in modifying Newtonian gravity, there are now multiple relativistic completions, including Generalised Einstein-Aether (Zlosnik et al. 2006) , TeVeS (Bekenstein 2004) and Bi-metric MOND (or Bi-MOND, Milgrom 2009 ). These formulations may be considered as "pure" modifications of gravity by the introduction of additional degrees of freedom in the gravitational sector (a single vector field, a scalar and a vector field, and a rank-2 symmetric tensor field, respectively). Other works have proposed new forms of matter that would give rise to the MOND phenomenology in the weak field regime, such as dipolar dark matter (Blanchet & Le Tiec 2008; Blanchet & Heisenberg 2017) , dissipative dark matter (Fan et al. 2013) , superfluid dark matter (Berezhiani & Khoury 2015) and the dark fluid formalism (Zhao & Li 2010) , which attempts to unify the dark sector within one framework.
In the weak-field limit, the most common non-relativistic formulations of MOND (to which most of the above theories reduce) are referred to as AQUAL and QUMOND. Both formulations are included in the RAyMOND code. In this study we will consider only the AQUAL formulation. This is so-called because the modified Poisson equation, that may be taken as the definition of this formulation, is derivable from an aquadratic (non-relativistic) Lagrangian. The modified Poisson equation is
where Φ is the gravitational potential, a0 is the MOND acceleration scale (empirically determined to be a0 ≈ 1.2 × 10 −10 m/s 2 which is the value chosen for this study), and ρ is the matter density distribution. The non-linear nature of MOND is clear from the presence of the gradient of the potential Φ within the function µ. This function, known as the MOND interpolation function, is constrained only in its limiting behaviour: µ(x) → 1 when x → ∞ and µ(x) → 0 when x → 0. As such, an infinite number of functional forms may be provided for µ. We choose the following form:
usually with n = 1, the so-called 'simple' interpolation function 1 . For one model we will use a more rapid transition function where n = 5 to examine the consequences. The behaviour of MOND may be inferred from a comparison with the standard Newtonian Poisson equation, and the behaviour of the function µ. The standard Poisson equation is
Comparing with equation (1) and considering the behaviour of µ, we see that, for a given density distribution, the MONDian potential will have steeper gradients if the magnitude of the local accelerations |∇Φ| is comparable to, or less than, the MOND acceleration scale. This is because µ → 0 in this case, requiring a 'scaling' of Φ to satisfy equation (1) for the same density distribution. Conversely, for large accelerations, µ → 1, and equation (1) reduces to equation (3).
The external field effect
The presence of the quantity |∇Φ| in equation (1) is crucial to ensure that the MOND gravitational enhancement applies only whenever the accelerations are sufficiently weak, and does not affect the known gravitational physics in the Solar System or on Earth. The introduction of this quantity to the definition of the gravitational potential, however, leads to an interesting physical consequence known as the external field effect (EFE): if system A moves within the gravitational field of system B, the internal gravitational dynamics of system A will be affected by the field generated by system B (and vice versa). One can understand how the EFE arises by considering equations (1) and (3). In the case of Newtonian gravity the linearity of the Laplacian in equation (3) ensures that the internal and external potentials of a system embedded in an external field can be treated separately. That is, we can write Φt = Φi + Φe where Φt is the total potential, Φi is the internal potential (e.g. the potential sourced by the galaxy) and Φe is the external potential (e.g. the potential sourced by the galaxy cluster). The two potentials are "decoupled" in the sense that they are each separately sourced by their respective density distributions, and the total potential is simply the two added together: Φi does not depend on Φe. Therefore the internal dynamics have no awareness of the external field, apart from tidal forces. In the MOND case, the modified Poisson equation which is solved to determine the MOND potential depends on the magnitude of the total local acceleration, which depends on both internal and external potentials. Therefore the internal potential does depend on the external potential (and vice versa) in MOND gravity.
Given that the 'strength' of the MOND gravitational potential is controlled by the µ function, the presence of large background accelerations (even in a uniform gravitational field) leads to a value of |∇Φ| well above the MOND scale, and so the internal gravitational potential of the system will become more Newtonian. This is a violation of the Strong Equivalence Principle, since it implies that gravitational experiments within the system (if it is within the MOND regime) can detect the presence of the background gravitational field.
In this study we are primarily interested in exploring the consequences of the EFE on disk galaxies within cluster environments. One would expect such consequences because of the large background accelerations in the potential of a galaxy cluster, particularly near the cluster centre. In order to study this, we must use numerical N-body simulations within the context of MOND gravity, to which we now turn.
SIMULATIONS
The simulations used in this study are idealised galaxy models, in the sense that we consider only single galaxies falling into single isolated clusters. In particular, our models are purely gravitational, without any hydrodynamics and the background galaxy cluster is taken to be a time-evolving analytic density distribution.
Initial setup
The disk galaxies that we will use are initially set up using the (Newtonian gravity) DICE code 2 (Perret 2014). In doing so, we include a dark matter halo and allow DICE to determine the initial velocities of the particles as standard, i.e. using a Newtonian gravitational potential in the standard Jeans equations, before then removing the dark matter halo. Given that we have no a priori reason to expect such models to begin in equilibrium, we then evolve the disks (and bulge in the case of the high mass model) in isolation in MOND gravity, until they reach an equilibrium configuration. Generating the initial particle velocities with a dark matter halo is merely a simple way to generate a model that is likely to be not too far from equilibrium in MOND gravity. The subsequent evolution in isolation then ensures our models are indeed equilibrated.
The total system (halo, disk and bulge) is generated with M200 = 3.3 × 10 12 M , and mass fractions of 0.965, 0.028 and 0.007 for the halo, disk and bulge respectively for the high mass model. The low mass model has M200 = 1.0 × 10 11 M , and mass fractions of 0.99 and 0.01 for the halo and disk respectively (no bulge). Therefore the halo masses are 1.0 × 10 11 M and 3.2 × 10 12 M for the low and high mass models. The disks have 10 5 particles, and a total mass of 1.0×10 9 M and 9.2 × 10 10 M for the low and high mass models respectively. The density profiles used are those of an exponential disk radially, with a sech(z) profile vertically. The radial scale lengths are set to hR = 1 kpc and hR = 3 kpc (low and high mass), with the vertical scale height set to hz = 0.15 kpc and hz = 0.25 kpc (low and high mass). The radial cut-offs are 16 kpc and 50 kpc.
For the high mass model the bulge component is represented by a Hernquist profile with 5 × 10 4 particles, and has a total mass of 2.3 × 10 10 M . The bulge scale radius is 1 kpc and the cut-off is 5 kpc. Note that the low mass model does not include a bulge component.
Evolution in isolation
To ensure that our tidal interaction simulations use galaxies in equilibrium (at least when outside the cluster) we first evolve the galaxy models described above in isolation, in MONDian gravity.
We use the AQUAL formulation of MOND included in the RAyMOND code, with the standard MOND acceleration scale of a0 = 1.2 × 10 −10 m/s 2 , and the simple MOND interpolation function of Eq. (2) with n = 1, except for the model with a more rapid transition function where n = 5. The dark matter halos used to generate the disks are removed, and only the stellar components are included. Thus the halos are used simply to ensure that the galaxies begin with reasonable rotation curves.
The models are evolved for approximately 9 Gyr, using a box length of 1000 kpc for the low mass models and 2000 kpc for the high mass models. Due to adaptive mesh refinement the maximum spatial resolution achieved is 0.061 kpc for the low mass models (refinement level 14) and 0.244 kpc (refinement level 13) for the high mass models. The coarsest resolutions are 7.8125 kpc and 15.625 kpc (refinement level 7) for the low and high mass models respectively. The refinement criterion is such that a grid cell is split into 8 new cells on the next level of refinement whenever there are 8 or more particles in a cell. Note that the vertical scale heights of the disks correspond to only a few grid cells even at the highest refinement level, so we would expect some disk thickening as the isolated model evolves.
The final isodensity contours for the low and high mass disks are shown in Fig. 1 . While there is some degree of disk thickening, both models maintain clear disk structure. We can quantify the evolution in isolation by comparing the initial and final radial and vertical scale lengths (assuming exponential distributions in both directions). The low mass model evolves from h initial R = 1.04 to = 0.75 in the vertical. Thus both models "spread" somewhat in both the radial and vertical directions. It should be borne in mind that neither model is constructed to begin evolution in equilibrium: we have simply set up two Newtonian models, removed their dark matter halos, and then evolved them in MONDian gravity. Moreover, we merely require rotationallysupported stable disk galaxies for our study: the precise structural parameters are of lesser importance.
Evolution within the cluster
The background cluster is analytic (not live) therefore there is no dynamical friction in these models. We do include, however, a timeevolving cluster mass, which also ensures that our infalling galaxies remain within the cluster. We do this in a simple way by linearly interpolating the cluster mass from an initial value at the beginning of the simulation to a final value after ∼ 8 Gyr, which corresponds to evolution from z ≈ 1 to z = 0 (assuming a standard background cosmology). During this time a cosmological cluster mass may be expected to grow by approximately a factor of 2 through merging (Gill et al. 2004; Laporte et al. 2013 ) as chosen here.
Specifically, we consider two background cluster models:
• Our analysis concentrates on a model of a more massive cluster with an initial mass of 4.5 × 10 14 M and a final mass of 1 × 10 15 M , roughly corresponding to the Coma cluster.
• We also consider a lower mass cluster with an initial mass of 1.5 × 10 14 M and a final mass of 3 × 10 14 M , roughly corresponding to the Virgo cluster.
For realistic galaxy dynamics within the clusters, we use an NFW model with a virial radius of approximately R200 = 2 Mpc and concentration of c = 3 for the high mass cluster, and R200 = 1 Mpc and concentration of c = 8 for the low mass cluster. The higher concentration for the lower mass cluster is motivated by cosmological simulations (Ludlow et al. 2013 ) which show a trend of increasing concentration for decreasing cluster mass. The amount of tidal disruption experienced by the live galaxy models will be partly controlled by the choice of orbits, as explained in Section 3.3.2.
Generating the background potentials
The velocity dispersions of galaxy clusters are well known to require some additional unseen mass in MOND, although significantly less than in ΛCDM (Sanders 2003) . For our purposes, the manner in which the cluster has formed is of no importance. We simply require a background gravitational potential that gives rise to reasonable galaxy dynamics within the cluster. This is observationally motivated, and therefore such a potential must somehow arise in the MOND context as well.
Thus we must consider how to include a static background cluster potential within our simulations. RAMSES (and by extension RAyMOND) allows the user to include an analytic density field within the simulation, which is then added to the density field reconstructed from the particles, before being used as the source in the Poisson equation. We will determine a density distribution that corresponds to the gravitational potential of a cluster with an NFW profile, given by
where
and s = r/R200. We must modify this density profile in order to obtain the required NFW potential given by
To achieve this, we substitute the above potential into the modified Poisson equation of the AQUAL formulation of MOND:
Thus the density used for the background cluster in the simulations is given by
where µ (x) is the derivative of the MOND interpolation function with respect to its argument. The first term on the right hand side of the above equation has negative values at all radii, in order to reproduce a (shallower) Newtonian NFW potential within MOND gravity. Given that the NFW potential is asymptotically ln(r)/r, as compared to ln(r) for the asymptotic deep-MOND potential, the effective dark matter density we are using to reproduce an NFW potential for the cluster in MOND has negative values at large radii. Note that within approximately the virial radius the densities are positive.
It is worth pointing out that RAMSES/RAyMOND also provides the possibility for specifying the gravitational accelerations experienced by the particles, i.e. a background analytic gravitational force field. This is typically used without the self-gravity of the particles being included, although it is a relatively simple matter to modify the code to add these accelerations as well. The reason for using a background density rather than specifying a background gravitational force field is to allow us to model the EFE. In Section 3.3.3 we will discuss the use of an analytic acceleration field to enable us to deactivate the EFE, allowing us to quantify its impact on our models. The ability to use the analytic NFW potential to determine the exact tides in the model is one of the primary motivations for using the effective DM density described above, despite the negative densities at large radii.
Trajectories and numerical setup
The galaxies are placed on orbits within the Coma-mass cluster that correspond to either weak or strong tidal disruption, depending on the closeness of the pericentric passage. This is controlled by changing the initial velocity of the galaxy. We choose two different initial velocity vectors, which lead to two different orbital trajectories. Furthermore, we change the plane of orbit within the cluster to explore the effect of the tidal interaction acting within the disk plane, or perpendicular to the disk. Thus we have orbits that lie within the xz plane, referred to as "xz", and two orbits that lie within the xy plane, referred to as "xyRet" and "xyPro". The former corresponds to retrograde motion of the galaxy around the cluster centre (the galaxies rotate counter-clockwise, and the retrograde orbit is clockwise) and the latter corresponds to prograde motion. For the Virgo-mass cluster we concentrate only on the prograde orbits (for which the tidal interaction is most disruptive), with three initial velocity vectors corresponding to weak, intermediate and strong tides.
The model names and parameters are specified in Table 1 . We use a naming convention whereby letters indicate the galaxy mass, tidal strength and orbit type. The orbital trajectories of the models in both cluster backgrounds are given in Fig. 2 . In the Comamass cluster the pericentric distance for the tidally weak orbit is ∼ 1090 kpc and ∼ 130 kpc for the tidally strong orbit. These correspond to 0.5 R200 and ∼ 0.06 R200 respectively. Note that we only show the prograde orbits in Fig. 2 . The retrograde orbits are the same, but rotated 180
• in the y-axis. The perpendicular orbit is given by rotating the prograde orbit 90
• around the x-axis. Note that the disks of the galaxies always lie in the xy plane and always rotate in the same direction. In the Virgo-mass cluster the pericentre distances for the weak, intermediate and strong tides are ∼ 1650 kpc, ∼ 1100 kpc and ∼ 208 kpc respectively.
The box length in the cluster simulations is increased to 8000 kpc to accommodate the orbital trajectories. The maximum refinement level is set to level 15 for the low mass models and 14 for the high mass models, meaning the maximum resolution achieved is 0.244 kpc and 0.488 kpc respectively. The minimum resolution is now 31.25 kpc.
Switching off the EFE
It would be invaluable for our analysis to be able to somehow deactivate the EFE within our simulations. Fortunately, RAyMOND provides a convenient means for doing so. Our strategy is the following. Firstly, we include the use of a background analytical acceleration field within the simulation, as opposed to the analytic density discussed in Section 3.3.1, in the normal manner provided by RAMSES. This background acceleration field is easily calculated for all models, as we are fixing the background potential to be that of an NFW profile with the parameters given earlier. Typically the inclusion of an analytic external acceleration field in RAMSES takes the place of the internal self-gravity of the N-body particles. Therefore, we slightly modify the code to ensure that the gravitational solver is used to determine the self-gravity of the galaxy as normal, with the background accelerations then added on before the particle positions are updated.
The important point is that the background potential now makes no appearance in the gravitational solver. The internal selfgravity of the galaxy is calculated without considering the background cluster, and therefore there is no external field effect. The overall motion of the galaxy (and therefore the motion of its constituent particles) within the cluster is accounted for by adding the analytically determined acceleration vectors after the gravitational solver has concluded. Therefore the tidal disruption of the background cluster is still included in the simulation.
We run several models in which the EFE has been switched off in the manner just described, as listed in Table 1 .
Newtonian models
We have also run models in Newtonian gravity, maintaining the dark matter halos generated by the DICE code, as a comparison sample. Upon analysis of these models we found that the galaxies undergo essentially no evolution due to interaction with the background cluster potential. The galaxies exhibit very little tidal disruption, even for strong tides, essentially no mass loss (although their halos are gradually stripped by the cluster tides), no kinematical evolution and no morphological evolution. These results are to be expected for Newtonian galaxies deeply embedded in dark matter halos on first infall trajectories, as we are considering here. Multiple studies (see e.g. Smith et al. 2013 ) have demonstrated that the dark matter halo must be stripped by as much as 80 − 90% before the bayronic material begins to be affected. This implies that the cluster potential can only begin to have an impact on the galaxy on subsequent pericentric passages. The fact that our MOND galaxies show clear effects of the interaction with the cluster even on first infall is therefore already an important difference to the picture seen in the ΛCDM cosmological model. In summary, given the unsurprising results of the Newtonian models in DM halos, we deliberately do not include the Newtonian models in this paper, and instead focus entirely on the MOND galaxies, with and without an external field effect.
RESULTS

External field induced asymmetries
The central focus of our study is the consequence of the EFE on MOND galaxies as they fall into a galaxy cluster, an effect that does not exist in Newtonian gravity. In Sections 4.2 and 4.3 we will examine in more detail the mass loss and the evolution of the Table 1 . Names and parameters of all models considered in this study. The letters in the model names correspond to model properties: 'l' is low mass; 'h' is high mass; 'w' is weak tides; 'i' is intermediate tides; 's' is strong tides. The orbit types are 'xz' (orbit plane is perpendicular to the galactic plane), 'xyRet' and 'xyPro' (retrograde and prograde orbits with orbit plane parallel to the disk plane). All the Coma-mass models begin the simulation with a clustercentric radius of ∼ 2R 200 , except for the "mlinfall" model which begins at ∼ 4R 200 . The Virgo-mass models all begin with a clustercentric radius of ∼ 4R 200 , given the smaller size of this cluster. All models use the simple MOND transition function with n = 1 except for the "mlwxyPro_n5" model which uses n = 5. Models that do not include an EFE have "_noEFE" appended to the model name.
Figure 2. Orbital trajectories in the Left: Coma-mass cluster; Right: Virgo-mass cluster. These trajectories are determined using the centre-of-mass location of the galaxy. The black dashed circle indicates R 200 of the cluster, and the cross indicates the cluster centre. We only show the prograde orbits for the Coma-mass cluster. All the other orbital trajectories are very similar: they are just rotations of these orbits around the x and y axes.
dynamical state of all models due to both the EFE and tidal disruption. In this Section we will analyse the impact of the EFE on the appearance of our infalling galaxies.
Firstly, as will be demonstrated later in Sections 4.2 and 4.3, the MOND models without an EFE in weak tides are essentially undisturbed by the presence of the cluster potential. Therefore, for now, we will concentrate on the models without an EFE in strong tides, and the models with an EFE in both strong and weak tides. Furthermore, while the specific nature of the deformation induced in the galaxies depends on the disk orientation, we can demonstrate the effect very clearly by choosing the prograde orbit models, which are typically more affected by the tidal interaction than either of the other orbits, as is well known from galaxy-galaxy interaction simulations.
Given these considerations, in Fig. 4 we show specific snapshots of the prograde simulations for the low and high mass models without an EFE in strong tides in the Coma-mass cluster. The low and high mass models in weak and strong tides, again in the Coma-mass cluster, in the presence of an EFE, are shown in Fig. 5 . All of these plots are face-on views of the galactic disk, i.e. in the xy plane. The contour lines are constant projected number density of 2, 15, 100 and 600, using a pixel size of 0.16 kpc 2 for the low mass models, and 0.64 kpc 2 for the high mass models. Recall that the disk particles in the low mass models have a mass of 1.0 × 10 4 M , while the disk particles in the high mass models have a mass of 9.2 × 10 5 M , which can be used to determine a surface mass density per pixel. The high mass models also include a bulge component, whose particle mass is 4.6 × 10 5 M . Using a stellar massto-light ratio of Υ = 1 we can convert these surface mass densities into surface brightness, which may then be converted to observational units (using Mg + 21.572 − 2.5 log 10 (µ) where Mg is the g-band absolute magnitude of the Sun, Binney & Merrifield 1998) to give an estimate of the feasibility of observing these features.
Thus the low mass model contours may be interpreted as surface brightness contours of approximately 29, 27, 25 and 23 mag/arcsec 2 . The high mass model contours correspond to 26, 24, 22 and 20 mag/arcsec 2 . If we instead choose a stellar mass-to-light ratio of 10, these contours increase by approximately 3 mag/arcsec 2 . These estimates would suggest that the outermost contour of the low mass models shown in Figs. 4 and 5 are at the limit of observability (or possibly beyond) for a high stellar massto-light ratio. All other contours are within observability limits Trujillo & Fliri (2016) .
In all plots we indicate the direction towards cluster centre by a yellow arrow, and the (normalised) centre-of-mass velocity by a red arrow.
Beginning with the high and low mass models in strong tides without an EFE (Fig. 4) , we see clear tidal arms caused by the interaction with the cluster potential, shortly after pericentric pass, as indicated by the antiparallel red and yellow vector arrows. The response to tides is very similar for both models. This symmetric formation of tidal features is a common occurrence in tidal interactions. It should be noted, however, that in our idealised models the symmetry is particularly clear due to the fixed nature of the background potential and the lack of additional substructure in the cluster.
In the top two rows of Fig. 5 , we see the effect of the external field added to the tidal disruption. In contrast to the highly symmetric tidal disruption seen in the models without an EFE, we have a highly asymmetric disruption in both the low and high mass cases.
Finally, the MOND models in weak tides with an EFE are shown in the lower two rows of Fig. 5 undergoing a morphological distortion almost entirely due to the external field, an effect that does not exist in Newtonian gravity, and is clearly stronger for the low mass galaxy (bottom row) than for the high mass galaxy (second row from bottom), given the stronger external field in that case. This contrasts to the tidal disruption seen for the galaxies without an EFE, where the response was similar for the low and high mass models.
In all cases in which the EFE causes a distortion of the isophotal contours, we can see that the main axis of countour elongation lies roughly opposite to the location of the cluster centre, due to the directional nature of the effect.
It is already known that the asymmetric nature of the external field effect can induce isophotal distortion in galaxies, as studied in Brada & Milgrom (2000) ; Wu et al. (2010) . In these studies, the galaxy was assumed to be in equilibrium with the background potential, which induces a slight distortion in the density profile of elliptical galaxies or warps in disk galaxies.
In our study, however, we see, for the first time, the dynamical consequences of the external field on cluster galaxies. Rather than inducing an asymmetry in an equilibrium model, what we see here are equilibriated galaxies falling into a galaxy cluster and either being substantially distorted by the external field even in the absence of tidal effects, or having their tidal disruption rendered highly asymmetric due to the EFE. It is worth recalling that the EFE becomes stronger closer to the cluster centre, which is also where the tidal disruption becomes more violent, and evolves rapidly over time. Thus these two effects combined for MOND galaxies push the disk far from equilibrium and lead to significantly different morphological changes than would be expected in a Newtonian context.
Quantifying the asymmetry
The degree of asymmetry induced in the galaxies by the EFE can be calculated using an asymmetry parameter (Schade et al. 1995 ; . Galaxy models in the presence of an EFE. Top row: High mass galaxy in strong tides; Second row: low mass galaxy in strong tides; Third row: high mass galaxy in weak tides; Bottom row: low mass galaxy in weak tides. In all plots the red arrow indicates the (normalised) centre-of-mass velocity vector, while the yellow arrow points towards the cluster centre. The external field effect leads to highly asymmetric disk morphologies, even in the absence of a strong tidal interaction. Conselice et al. 1999) given by
Applied to images of galaxies, I0 is the original image (array of pixel intensities) and I φ is the image after rotation in the image plane by an angle φ.
For our simulated galaxies, we calculate a two-dimensional histogram of particle counts in bins in exactly the same way as done to determine the isophotes in Section 4.1. Thus pixels of size 0.16 kpc 2 (low mass) and 0.64 kpc 2 (high mass) are used in a square region of 40 kpc × 40 kpc (low mass) and 80 kpc × 80 kpc (high mass) centred on the galaxy centre-of-mass. The "viewing" plane is taken to be the xy plane, which corresponds to viewing the galaxies exactly face-on. At each snapshot the particle counts are determined for the original orientation (to calculate I0) and then the galaxy is rotated by an angle of 180
• to determine I φ . This choice of rotation angle ensures that we are not sensitive to the tidal fea-tures which, from the strong tides models of Fig. 4 , can be seen to be approximately invariant under a rotation of 180
• .
The time evolution of the asymmetry parameter A is shown for models in the Coma-mass cluster in Fig. 6 and for models in the Virgo-mass cluster in Fig. 7 . We plot the prograde models in strong tides without an external field rather than the perpendicular models, to match the models shown in Fig. 4 .
For all the models without an EFE there is essentially no evolution in the asymmetry (dashed and solid black lines). Although there are clear tidal features (as seen in Fig. 4 ) the symmetry of these features ensures they are suppressed in the asymmetry parameter by using φ = 180
• . The main point of interest in Figs. 6 and 7, in accordance with the features seen in Fig. 5 , is that all of the MOND models in the presence of the EFE have far higher values of the asymmetry parameter even before they pass first pericentre. Note that the amount of asymmetry induced in the high mass models is less than that seen in the low mass models, both because of the weaker EFE for the high mass galaxies and the presence of the highly symmetric bulge component.
In previous observational studies of galaxy asymmetries (e.g. Conselice et al. 1999 ) typical values of A for isolated late-type galaxies are on the order of 0.2 − 0.3. The light distribution of observed galaxies may exhibit large asymmetries due to star-forming regions, even while the mass distribution is highly symmetrical. Our simulated galaxies correspond to the mass distribution, and start out with far lower values for A due to lacking spiral arm features, bars, star-forming regions, etc. Thus the absolute values of A given in Figs. 6 and 7 are not expected to be representative of real galaxies. The important point of our results here is that the increase in asymmetry in the mass distribution during the evolution of these galaxies within the clusters is large and entirely driven by a MOND effect, and completely dominates over any asymmetry induced by a tidal interaction. Thus an ideal candidate galaxy to investigate this phenomenon observationally would be of sufficiently low mass, without large star-forming regions causing large asymmetries in the light profile, and without any clear companions inducing tidal disruption. It should furthermore be on first infall into the cluster, and still reasonably far from the cluster centre to avoid significant cluster tides.
It is important to point out that the low mass models in the Coma-mass cluster, even beginning their evolution at approximately 2R200, are affected by the external field immediately. This is clear from the initial rapid increase in the asymmetry of these models, which is not evident for the high mass models, or for the low mass models in the Virgo-mass cluster, where the initial EFE is considerably weaker given the lower mass ratio between the galaxies and the cluster. It is instructive to compare the asymmetry seen in the "mlwinfall" model (solid yellow line in Fig. 6 ), taking into account the orbital trajectory (see Fig. 3 ). As this model begins at a larger clustercentric radius (∼ 4R200) it is not significantly affected by the EFE. Once the model reaches approximately 2R200 however (at approximately 6.5 Gyr), it has roughly the same degree of asymmetry as the other low mass models achieve within the first Gyr of evolution. This indicates that the asymmetry arising in our galaxies (due to the distorted potential, as we show in the next Section), is a function of clustercentric radius and does not depend strongly on the galaxy's orbital history. This is made more evident in Fig. 8 where we plot the averaged asymmetry parameter in both the xy and xz planes as a function of the clustercentric radius. We show only the low mass prograde models in strong and weak tides in the Coma-mass cluster, as well as the distant infall model. It is clear that there is a close correlation between clustercentric radius and amount of asymmetry, with some scatter due to the details of the tidal/EFE interaction during the orbit. Furthermore, this correlation is very similar for all three models, at least for r cl > 0.5 where we might expect the tidal distortions to be less pronounced. We use the averaged asymmetry as the amount of distortion visible in each model depends on the orientation of that model with respect to the viewing plane. Note that modifying the MOND interpolation function to have a faster transition from MONDian to Newtonian gravity has only a negligible effect on the degree of asymmetry, as shown by the magenta line in the upper left panel of Fig. 6 which corresponds to the model with a transition function (Eq. 2) where n = 5.
We estimate the timescale of the asymmetry induced by the external field by determining for how long the galaxy has A > 0.1. This choice is, of course, arbitrary, but is at least twice that of the initial asymmetries of the models. For the low mass models, which are more affected by the EFE, on a weak tidal orbit (meaning the galaxy enters the cluster earlier and spends a longer time in the external field) the asymmetry is above 0.1 for approximately 3 − 4 Gyr. The low mass models on a strong tidal orbit enter the cluster more rapidly but have their asymmetries enhanced by the tidal interaction. The timescale for A > 0.1 in this case is again of order 3 − 4 Gyr. For all low mass models the galaxies remain somewhat asymmetric until the end of the simulation. The high mass models in weak tides are less affected by the EFE, although they still show A 0.1 for ∼ 2 Gyr, particularly the "xyRet" model. Finally, the high mass models on the strong tidal orbits again spend less time in the external field before reaching cluster pericentre, and being high mass are less affected by the EFE. Nonetheless, the external field distortion clearly begins about 1 Gyr before pericentre, and leads to enhanced asymmetries during the tidal disruption. The total timescale is at least of order 1.5 Gyr.
In summary, the EFE induces a clear asymmetry in both our low and high mass galaxies. The low mass galaxies suffer this effect more strongly due to the larger difference in internal and external accelerations, but the effect is still clear in the high mass galaxies. This asymmetry is then further enhanced by the tidal disruption suffered by the galaxies on strongly tidal orbits. Finally, the timescales over which these asymmetries may be considered to be strong are of the order of 1 − 2 Gyr for the high mass galaxies and 3 − 4 Gyr for the low mass galaxies. All of this implies that such effects should be clearly observable in cluster galaxies.
Source of the asymmetry
We now demonstrate that the source of this asymmetry is due to the distorted gravitational potential of the galaxy, as the directional dependence of the EFE flattens the isopotential contours of the disk in the radial direction pointing from the cluster centre. This property of the EFE has been well studied in previous works (Brada & Milgrom 2000; Wu et al. 2010 Wu et al. , 2017 .
To demonstrate this effect, in Fig. 9 we show the orbital trajectories, over the course of 600 Myr of evolution, of 244 particles within the galactic disks of the "mlwinfall" and "mlwxyPro" models, starting at the beginning of the simulation. We have rerun these models for a short period at a much higher time resolution in order to analyse these orbital trajectories, and for this reason we choose a short total time of 600 Myr, which is approximately 30% of the disk dynamical time. The subset of particles was chosen by restricting to those with an initial radial position of 5 ± 0.1 kpc and a vertical position of ±0.1 kpc from the disk plane.
In Fig. 9 , the right panel shows the orbital trajectories of stars Figure 6 . Time evolution of the asymmetry parameter (using a rotation angle in the viewing plane of 180 • to suppress tidal features) for almost all models (the "mlsxz_noEFE" and "mhsxz_noEFE" models are not shown). Top row: low mass models, weak tides (left), strong tides (right). Bottom row: high mass models, weak tides (left), strong tides (right). The degree of asymmetry increases substantially for all models during their approach to cluster pericentre. The low mass models, being more affected by the EFE, show particularly large increases in asymmetry, even when their orbits do not bring them very close to cluster centre and they experience only weak tides (upper left panel). In the absence of an EFE (black lines) none of the models show any asymmetry.
in the "mlwinfall" model with the background cluster present (blue lines) and the same model with the background cluster completely removed (green lines). This is easily achieved by simply removing the analytic density in the simulation. This model begins its evolution far from the cluster centre (r cl ∼ 4R200) where it is not strongly affected by the EFE (we see only a very small increase in the asymmetry of this model in Fig. 6 within the first 600 Myr). Therefore, the orbital trajectories for the infall models, shown in the right panel of Fig. 9 , are roughly coincident (and on average circular) regardless of whether the background cluster (and therefore the external field) is present or not. This is not the case for the "mlwxyPro" models shown in the left panel of Fig. 9 . In this case the presence of the background cluster (blue lines) clearly induces a shift in the orbital trajectories of the particles, relative to the same model in the absence of the background cluster (green lines). The average distribution of the orbits in the presence of the EFE is noticeably more elliptical, when compared to the roughly circular orbits of the model without a background field. Therefore, the EFE induces an asymmetric distortion of the gravitational potential, and an associated distortion of the particle trajectories. Note that this effect arises immediately in our models due to the disruption of the internal gravitational potential of the galaxies. We see distortion in the stellar orbits within just the first 600 Myr of evolution, during which the galaxy has not fallen far into the cluster.
Finally, as mentioned previously, galaxies infalling into a cluster, due to their typically rapid motion, will experience a rapidly time-varying EFE. We thus have two effects: (1) the potentials of the galaxies are distorted due to the external field of the cluster, which depends only on clustercentric radius, and is an "instaneaous" effect giving rise to an immediate modification of the stellar orbits within the disks; (2) the degree and direction of the EFE-induced distortion changes very rapidly as the galaxy moves through the cluster, with the rate of change obviously connected to the velocity of the galaxy. Thus the galaxy is both distorted by the EFE, and less able to adjust to its new potential as it gets closer to the cluster centre, placing it far out of dynamical equilibrium.
Tidal interaction
Having quantified the asymmetry induced in these disks, we now quantify the degree of tidal interaction by estimating the tidal radii of our models. The tidal radius in MOND can be estimated with Figure 7 . Time evolution of the asymmetry parameter for models in the Virgo-mass cluster. Again we see large increases in asymmetry for the low mass models (dashed lines), even in the absence of strong tides. These asymmetries are then exacerbated by a strong tidal interaction (blue dashed line). Although the high mass models are mostly unaffected by the EFE in this cluster background (solid lines) the model in strong tides becomes more asymmetric during the tidal disruption, due to the EFE. In the absence of an EFE (black solid and dashed lines) none of the models show any asymmetry. Figure 8 . Averaged asymmetry parameter, using both xy and xz viewing planes, as a function of clustercentric radius for the distant infall model and the low mass models on prograde orbits in weak and strong tides (all in the Coma-mass cluster). There is a clear trend of increasing asymmetry with decreasing radius, with only a weak dependence on the orbital history of the model. (Zhao & Tian 2006) :
where r cl is the clustercentric radius of the galaxy, Mg is the physical galaxy mass and M cl (r cl ) is the physical cluster mass within the given clustercentric radius of the galaxy. This latter quantity is calculated by a numerical integration of the density distribution given in equation (8). The parameter ζ1 = 1 + ζ where
and g(r cl ) is the magnitude of the acceleration at the clustercentric radius r cl . Note that we can determine this value easily given that our background clusters are NFW potentials. Our strategy to determine tidal radii for models without an EFE is to include an effective dark matter halo for the galaxy assuming a spherically symmetric mass distribution, using the QUMOND formulation. This is because the EFE eliminates (or at least substantially reduces) the effective dark matter halo around our galaxies. We follow the calculation used in , based on the work of Angus & Diaferio (2011) . The cumulative equivalent dark matter (eDM) mass is given by
We calculate meDM for the low mass galaxy at rc = 8.6 kpc and rc = 20 kpc for the high mass galaxy, which correspond to approximately 5hR for each disk, thus enclosing ∼ 99% of the disk mass assuming exponential distributions. These values for the galaxy mass are then used in equation 10 to determine the tidal radii for the models without an EFE. For all models we use the above values of rc to compare the calculated tidal radii with the sizes of the disks, to estimate when we would expect tidal stripping to occur.
In Fig. 10 we plot the ratio rc/rtidal as a function of time for the low and high mass galaxies on tidally weak and strong orbits in both background cluster models, in the presence and the absence of an EFE. Whenever this ratio becomes greater than 1 the tidal radius lies within the stellar disk (or, more specifically, within ∼ 5hR) and we would expect some tidal disruption. This is the case only for the models on strongly tidal orbits (solid lines), in both cluster backgrounds. In the presence of the EFE, however, we can see that the tidal radius decreases (the peaks in the figure increase in height) with the low mass models on orbits that include strong tides expected to experience significant tidal disruption, as rc/r tidal > 1. Furthermore, the difference between the solid green and blue lines is larger when the EFE is included, indicating that the low mass disks become more affected by tides as they are more affected by the external field. We would thus expect that, for the models in strong tides and with an EFE, the low mass models will be more tidally disrupted than the high mass models. In the absence of an external field effect the models in strong tides will suffer only marginal tidal mass loss. Finally, for models in weak tides, we would not expect to see any tidal mass loss. The tidal disruption is expected to be somewhat stronger in the Virgo-mass cluster due to its higher concentration.
These estimates of the tidal disruption will be compared with our mass loss analysis in the next Section.
Mass loss
Following on from the main results reported in the previous subsection, we now analyse the rate of mass loss of our models. Given the non-linear nature of MOND gravity, it is a non-trivial task to accurately determine if a particle is bound to another. Furthermore, the external field complicates matters by modifying the internal potential of each galaxy. Therefore, we use the following procedure to estimate the bound mass fraction of each galaxy model throughout its evolution within the cluster.
For all snapshots of each model we determine all the Lagrange radii corresponding to between 50% and 100% of the total mass of the galaxy (including the bulge in the case of the high mass disks) Figure 9 . Orbital trajectories of a subset of particles within the galactic disks, from the beginning of the simulation up to approximately 600 Myr. The blue lines in both panels correspond to orbits in the models that lie within the background Coma-like cluster, while the green lines are orbits in the same model, but with the external cluster completely removed (i.e. no EFE and no tidal forces). Left: "mlwxyPro" models; Right: "mlwinfall" models. In the absence of the external field the average distribution of orbits is mostly circular (green lines), whereas the orbits within the external field (blue lines left panel) become visibly distorted by the modified internal potential of the disk. For the infall model, the initial EFE is weak enough that there is much less orbital distortion (blue lines right panel) compared to the case with the external field removed. Figure 10 . Ratio of rc to the tidal radius for the low and high mass models during orbits of both weak and strong tides, Left: Coma-mass cluster; Right: Virgo-mass cluster; Top row: without an external field effect; Bottom row: including the external field. For values of rc/r tidal ∼ 1 tidal disruption would be expected within the disk. The higher concentration of the Virgo-mass cluster leads to a larger mass within the orbital radius, especially close to the cluster centre, and a stronger tidal field. When the EFE is active, the galaxies become more susceptible to tidal disruption, particularly the low mass models (green lines). Figure 11 . Bound mass fractions for the galaxy models in the Coma-like cluster using the method described in the text. Left: low mass galaxies; Right: high mass galaxies. The low mass galaxies, being more affected by the EFE, suffer more mass loss. For the models in weak tides (dashed lines) this mass loss is not dominated by tidal stripping, but is instead due to the EFE. For the strong tides orbits, the prograde model is more stripped due to resonance effects.
in increments of 1%. We then determine, at each snapshot, the innermost Lagrange radius that has grown to at least twice its initial value. We assume that all material outside this radius is stripped mass. If none of the Lagrange radii satisfy this criterion we assume that there is no stripping. In this way we can estimate what percentage of the galaxy mass is "stripped" at each snapshot. Clearly our decision to label a doubling of a Lagrange radius as indicating "mass loss" is arbitrary, but we consider this to be sufficiently large to be insensitive to strong distortions of the disk morphology, yet sufficiently small to capture significant changes to the mass distribution that are likely to be associated to mass loss. We can check the suitability of our criterion by seeing how often this "mass loss" is recovered, as this would indicate merely a morphological disruption.
The results of our analysis for the low and high mass galaxy models in the Coma-like cluster are shown in Fig. 11 and for the Virgo-mass cluster in Fig. 12 . We can see several instances of small "dips" in the mass loss evolution, where the Lagrange radius criterion is detecting significant morphological disruption during the tidal interaction (much more than occurs due to the EFE-induced asymmetry) rather than actual mass loss. After the tidal interaction, however, the mass fractions become approximately constant, likely indicating genuine mass loss.
In general we see a mixture of mass loss induced by the EFE and the tidal interaction in our plots. When the EFE is not active, almost none of the models lose any mass, except for those on strong tides in the Virgo-mass cluster, due to the higher concentration of this cluster potential. Furthermore, the final mass fraction of the low and high mass galaxies in this case are very similar. This is consistent with our tidal radius analysis in Fig. 10 (upper row) , which predicts negligible tidal stripping for all non-EFE models in the Coma-mass cluster, and only very minor stripping of the non-EFE models in the Virgo-mass cluster. Note that our results for the models without an EFE are very similar to those seen in our comparison Newtonian models with galaxies embedded within dark matter halos (at least after one pericentric passage).
For the high mass galaxies, which are less affected by the external field, we see essentially only tidal mass loss, and only when there are strong tides. In the Coma-mass cluster we see additional evidence that this mass loss is truly tidal because it is only the prograde orbit model that suffers any significant stripping, due to the well-known resonance effect (the Virgo-mass cluster models are all prograde). Again, this is consistent with our tidal radius analysis for the high mass galaxies in Fig. 10 (lower row, blue lines) .
In the case of the low mass galaxies, the situation becomes more complicated. For those on orbits with strong tides, we expect from our tidal radius analysis that they should suffer significant stripping (especially in the Virgo-mass cluster), which we do indeed see in Figs. 11 and 12. Furthermore, the resonance effect is again visible: the low mass prograde model on strong tides in the Coma-mass cluster suffers greater mass loss than the others. In the Virgo-mass cluster, the dependence on the amount of mass loss with tidal strength is made very clear: the strong tides orbit suffers more mass loss than the intermediate tides orbit, and the weak tides orbit indicates none at all.
The low mass galaxies in the Coma-mass cluster on weak tides also show substantial mass loss, which is not expected to be tidal, given our tidal radius analysis (none of the weak tides models had tidal radii anywhere near the chosen disk edge). Thus here we see that the external field effect alone causes mass loss in these models. This mass loss begins as early as 2 Gyr into their orbits and is more gradual than the mass loss evolution that we can confidently attribute to tides. Given this, it is important to note that the models on strong tides must also suffer mass loss due to the EFE, as they move through a much stronger external field than those on weak tides. Indeed, these models begin to lose mass at about 3 Gyr into their orbits. Comparing the clustercentric radii of the weak and strong tides models (Fig. 3) we see that they reach R200 at approximately 2 and 3 Gyr after the beginning of the simulation, matching the onset of the mass loss. We thus conclude that, for low mass galaxies in the presence of an external field, the mass loss is a result of a double whammy: the EFE itself and the tidal disruption.
Kinematical and morphological evolution
We have seen that the external field causes an asymmetric redistribution of the stellar density, mass loss due to the modified internal potential of the galaxy and an increased susceptibility to tidal mass loss, particularly for low mass galaxies in high mass clusters, where the external field is strongest. Figure 12 . Bound mass fractions for the galaxy models in the Virgo-mass cluster using the method described in the text. The lower mass of this cluster reduces the strength of the EFE, but the low mass models that have closer pericentric passages in the cluster (blue and magenta dashed lines) experience both EFE and tidal mass loss. The tidal stripping induced in the high mass model in strong tides (blue solid line) is enhanced by the EFE (compare with the same model without an EFE, solid black line). Now we wish to examine the evolution of the kinematics of the disks, as well as their general morphology (i.e. disk-like or spherical) to determine if the external field effect combined with tides results in dispersion dominated objects. The kinematical evolution is also a means of checking how the internal potential of the galaxies evolves, although we must bear in mind that due to the rapidlychanging EFE, especially close to the cluster centre, these galaxies will be far from equilibrium throughout much of their evolution. In this section we will focus exclusively on the models in the Comamass cluster, where the external field is strongest.
Kinematical evolution
To analyse the kinematical evolution of the disks, we look at how the rotation curve evolves over time. We first determine the principal axes of our models using an iterative calculation of the inertia tensor, as described in the next Section. This allows us to rotate our coordinate system until it is coincident with these principal axes, ensuring we are correclty calculating the rotation curve within the disk. We then determine the average rotation velocities V φ in 50 radial bins, and the dispersion in these velocities σ φ , out to a maximum radius Rmax, only considering particles within ±3 kpc from the disk plane. For the low mass galaxies Rmax = 10 kpc, while for the high mass galaxies Rmax = 40 kpc. This procedure is performed for each snapshot of the simulations to obtain the time evolution of the outer rotation curve.
It is worth making the point at this stage that the evolution of the rotation curves is the result of a complex interplay between both the tidal interaction and the external field effect. The former can strip mass from the disk, or redistribute mass within the disk (thereby affecting the gravitational potential and by extension the circular velocity) as well as perturb the stellar orbits from mostly circular to mostly radial. The latter distorts the internal gravitational isopotential lines in an asymmetric manner (as seen in Section 4.1.2), thus perturbing the stellar orbits, and also reduces the overall depth of the potential. All these effects are combined in our galaxies, as the closer the galaxy is to cluster centre, the stronger the tides and the stronger the external field effect. Furthermore, the susceptibility of the galaxy to tidal disruption is enhanced in the presence of a strong external field. Thus, although we can use the models without an EFE to attempt to separate out tides from the EFE, we must remember that the tidal disruption will be made more pronounced in the presence of a strong EFE.
Given these considerations, in Fig. 13 we examine the galaxies in the high mass cluster. The blue lines show the binned average azimuthal velocities while the orange lines show the dispersion in these values. The solid lines indicate the initial state of the model, and the dashed lines are the state at the end of the simulation. The intermediate states are shown with the lightly shaded lines. We can see that in the absence of an external field, there is essentially no dynamical evolution, regardless of galaxy mass or tides. Thus the tides alone do not significantly affect the rotation curve, consistent with our results regarding mass loss.
With the inclusion of the external field, however, the rotation curves of all the models reduce significantly over time, particularly in the low mass galaxies where the EFE is strongest, independently of tides or orbital orientation. The velocity dispersions are also generally enhanced, particularly in those models on perpendicular orbits where the tidal heating of the disk is expected to be strongest. The low mass retrograde and prograde models in strong tides are dispersion-dominated at all radii by the end of the simulation. This is partly explained by the more substantial mass loss for the prograde model, as seen in Fig. 11 .
In summary, the low mass models in a high mass background cluster undergo significant reduction of their rotation curves, even on an orbit with weak tidal forces. A strong external field both modifies the internal potential, reducing the rotation curve, and exacerbates the tidal disruption of all galaxies (mass stripping and/or orbit perturbation), leading to a far more substantial reduction of the rotational component than would take place in the absence of the external field.
Morphological evolution
The final diagnostic that we apply to our models, is an analysis of their morphological evolution, for which we will follow a modified version of the approach used in Wu et al. (2017) , where the axis ratios of a bounding ellipsoid were used to analyse elliptical galaxy models. Similarly to the approach in that work, we use an iterative algorithm to find the principal axes of our models using the moment of inertia tensor.
Firstly, a cut is applied to the model (at the initial time) to select a spherical region around the centre-of-mass at a chosen radius. For the low mass galaxies we choose r = 5hR ≈ 8.6 kpc, while for the high mass galaxies we choose r = 5hR ≈ 20 kpc. Here we refer to the initial scale radii of these models. Then the components of the inertia tensor are calculated using the positions of the selected particles, relative to the centre-of-mass of the galaxy:
and similarly for the other 4 independent components of this symmetric tensor. This tensor is then diagonalised, and the eigenvalues λ1, λ2 and λ3 are then sorted into ascending order and used to de- Figure 13 . Evolution of the rotation curves for the galaxies in the Coma-mass background cluster. Upper left: low mass models in weak tides; Upper right: low mass models in strong tides; Lower left: high mass galaxies in weak tides; Lower right: high mass galaxies in strong tides. We include the orbit that lies perpendicular to the galactic plane ('xz'), the retrograde and prograde orbits ('xyRet' and 'xyPro') and the models without an EFE. The blue lines indicate the azimuthal velocities and the orange lines give the dispersion in these values. The initial profiles are given by solid lines, and the final profiles by dashed lines. The intermediate profiles at each snapshot are shown with lightly shaded lines. In the presence of the EFE all models show a significant reduction of their rotation curves, particularly the low mass galaxies, while in the absence of the EFE there is essentially no evolution at all. termine the principal axes:
We then calculate the L2 norm of the off-diagonal components of the inertia tensor, which we refer to as I :
The value of I is then compared to a user-defined threshold (we choose 10 −13 ) to determine if the iterative calculation can be terminated. If not, the diagonlisation matrix is used to rotate the coordinates, the inertia tensor is recalculated, diagonalised again, and a new value of I is determined. The process repeats until I < 10 −13 ) or a maximum of 200 iterations is reached. We carry out this procedure for each snapshot of each simulation in order to determine the time evolution of the axis ratios, p = b/a and q = c/a. Note that this procedure to align the coordinate system with the principal axes is also used in the analysis of the rotation curves.
The results for the models in the Coma-mass cluster are shown in Fig. 14 . We concentrate on the q ratio, rather than the p ratio, as these are disk models and the ratio of the axes within the disk shows little evolution, apart from some tidal squeezing. Referring to the solid black lines in all panels of this figure, we can see that there is no appreciable morphological evolution in the absence of an external field, regardless of galaxy mass or orbital trajectory, consistent with the mass loss and kinematic evolution results.
For the low mass galaxy models (upper panels in Fig. 14) we can see clear morphological evolution, regardless of the tidal strength. Thus the EFE alone is responsible for a major morphological change for the models in weak tides, and a combination of tides and EFE leads to a similar result for the models in strong tides. Interestingly, there is a very similar separation in morphological evolution between orbit types in the weak and strong tides, connected to the directional nature of both effects. This connection between the degree of disk thickening and the orientation of the disk during a tidal interaction has also been explored in the Newtonian context (Bialas et al. 2015) . For the high mass galaxy models (lower panels in Fig. 14) these effects are reduced given the weaker EFE, although we still see a slight increase in the axis ratio, even in weak tides, and a larger increase in strong tides.
We can combine the results of the analysis of the kinematical evolution with the morphological evolution using a plot of the spin parameter with ellipticity. Such plots have been used to classify early-type galaxies as slow or fast rotators (Emsellem et al. 2007 (Emsellem et al. , 2011 Scott et al. 2014) . Our definition of the spin parameter is that Figure 14 . Evolution of the axis ratio q = c/a for galaxy models in the Coma-mass background cluster. The low mass models exhibit strong morphological changes from disks towards a spheroidal morphology, particularly when the disk plane lies perpendicular to the EFE direction (the 'xz' models, green lines). Note that the low mass prograde and retrograde models (cyan and red lines) are still not in equilibrium by the end of the simulation: their axis ratio continues to grow.
of Emsellem et al. (2007) :
where Ri is the radius of the i-th bin within the disk, V φ,i and σ φ,i are the mean azimuthal velocity and azimuthal velocity dispersion in the bin, and Fi is the flux. For the latter value we simply use the projected particle count. We define the ellipticity = 1 − (c/a).
As the morphological evolution is most pronounced for the low mass galaxies in the Coma-mass cluster, we show only these models in Fig. 15 . The initial and final values are plotted as points, with dashed lines indicating their evolutionary trajectory in the (λ, ) space. All models begin in the far upper right of the diagram, with high ellipticity and high spin. The perpendicular models ("mlwxz" and "mlsxz") evolve in a very similar manner, regardless of tides, with a large reduction in their ellipticity due to the EFE and tides acting vertically across their disks. The prograde and retrograde models all show a strong reduction in their spin parameters, with a relatively minor change in their ellipticities. This is due to the EFE and tides acting within the plane of the disks in these models. Note that, in weak tides λRet < λPro, as the EFE induces violent relaxation effects in the disk, but there is little tidal stripping. Conversely, in strong tides λPro < λRet as the mass is resonantly stripped by the strong tides, significantly reducing the rotation curve. In summary, when the combined effects of the EFE and the cluster tides are strong enough, we see a morphological evolution towards a spherical distribution. It is worth noting that the rotation curve evolution for the low mass prograde and retrograde models in the Coma-mass cluster (in strong tides) would suggest a fully spherical distribution, which we do not see here. It is clear from Fig. 14, however, that these models are not yet in equilibrium, regardless of the tides: their axis ratios continue to increase right to the end of our simulation. Thus one would expect these models to evolve further over to the lower left corner of Fig. 15 . Indeed it is in (λ, ) space where we can see the combined influences of tides, EFE and orbital orientation all playing a role.
DISCUSSION AND CONCLUSIONS
We have studied idealised models of low and high mass MOND disk galaxies falling into galaxy clusters of different masses. For more control over the orbital trajectories, we have used an analytic NFW model for the background cluster, with a time varying mass in order to approximate the mass growth of the clusters and ensure bound infall trajectories. Our models do not incorporate dynamical friction, although this is only significant for the most massive galaxies in galaxy clusters. The orbits of the galaxy models are either perpendicular to the disk, or parallel, with either a retrograde or prograde motion around the cluster centre in the latter case. Fi- Figure 15 . Evolution over the full timescale of our simulations (∼ 8 Gyr) of the spin parameter and ellipticity of the low mass models in the Comamass cluster (excluding models without an EFE). The points indicate the initial and final states. All models begin at the upper right of the diagram. The solid black line separates fast and slow rotators, as in Emsellem et al. (2011) . The models without an EFE begin at the same point, but there is essentially no evolution in their spin or ellipticity.
nally, we have analysed the consequences of removing the MOND external field effect. The main conclusion of our study is that both the low and high mass MOND galaxies are substantially distorted by the EFE as they fall into the cluster, leading to significant asymmetries in the galactic disks, even in the absence of any tidal interaction. In the presence of such an interaction, however, these asymmetries are further enhanced. The weakened potentials of the MOND galaxies within the cluster also leads to mass loss in the absence of tides and increased susceptibility to mass loss due to tidal stripping, loss of their rotational components and a morphological evolution towards a more spherical distribution.
More specifically, our study has found that:
• MOND disk galaxies in clusters have distorted isophotal contours due to the EFE, with low mass galaxies in a high mass cluster the most severely affected. When further combined with a tidal interaction, the distortion is even more enhanced, producing highly asymmetric forms. The effect is weaker for high mass galaxies, but still long-lived (for all models the asymmetries last at least 1 Gyr, and up to 4 Gyr for the low mass models) and likely to be clearly detectable.
• All of our model galaxies that are subjected to an EFE suffer a gradual mass loss even before reaching pericentre on their orbits and are more easily tidally stripped, both due to the EFE. Again, as the EFE is stronger for low mass galaxies (given a fixed background field), these results are very clear for those models. Thus our galaxies suffer more mass loss than would be expected in the absence of the EFE or for a Newtonian galaxy embedded in a dark matter halo.
• Given the modifed internal potential of the galaxies, as well as the induced disequilibrium due to the rapidly-evolving external field (effectively a form of violent relaxation), they undergo a kinematical evolution within the cluster towards being more dispersion dominated objects. Several of the low mass galaxies in the high mass cluster evolve to dispersion-supported systems in the Comamass cluster, regardless of tides, although they remain out of equilibrium by the end of our simulation, as indicated by their evolving morphology.
• Finally, this loss of rotational dominance is reflected in a morphological change from disks to more spherical distributions. This morphological change has a clear dependency on the orientation of the galactic disk relative to the orbital trajectory within the cluster, given the directional nature of the orbital perturbations induced by the tidal disruption and the EFE.
Furthermore, from our results we can infer that, in the absence of an external field effect, MOND galaxies within galaxy clusters would behave similarly to Newtonian galaxies within dark matter halos, at least on first infall within the cluster. Given that our models do not undergo more than one pericentric passage, it is not clear if the tidal stripping of a MOND galaxy in the absence of an EFE would be comparable to that of a Newtonian model that had already lost a significant fraction of its halo after the first pericentric passage.
Given our asymmetry results, it would be of great interest to explore the prevalence of galactic asymmetries in massive nearby clusters and to compare this with values in the field. Typically this parameter is taken to be indicative of galaxy mergers in the standard context of galaxy evolution, yet in our study we show large increases in asymmetry as galaxies move within the cluster, in the absence of any galaxy-galaxy interaction. In Homeier et al. (2006) the asymmetry of cluster and field galaxies is compared for latetype galaxies at z ∼ 1, where the galaxies in lower mass (X-ray faint) clusters were found to be more asymmetric than those in higher mass (X-ray luminous) clusters, a property attributed to the likelihood of more mergers in low mass clusters. In our study we suggest that high mass clusters should have a larger population of asymmetric galaxies. Our simulations do not include the possibility of galaxy-galaxy interactions, but it is worth mentioning that mergers are expected to be much rarer in MOND Kroupa (2015) due to the lack of dynamical friction. Thus it seems likely that in MOND galaxy asymmetries are indeed more common in high mass clusters, whereas in ΛCDM they would be more common in low mass clusters/groups.
A natural extension of this study, therefore, would be to test this hypothesis by considering a realistic live cluster evolution of multiple infalling galaxies and groups, allowing for possible galaxy-galaxy interactions. This would allow us to investigate the effect of dynamical friction on the galaxy interactions and on their orbital trajectories, given the clear differences expected between ΛCDM and MOND in this area Sanchez-Salcedo et al. (2006); Nipoti et al. (2008) ; Zhao et al. (2013) . In addition, such a study would allow a phase-space analysis of the EFE as an environmental effect (Oman et al. 2013; Jaffé et al. 2015 Jaffé et al. , 2018 Rhee et al. 2017) .
All known MOND theories based on the modification of the Newtonian Poisson equation include an external field effect. More specifically, the relativistic extensions of MOND that invoke additional degrees of freedom in the gravitational sector give rise to violations of the Strong Equivalence Principle and an external field effect. Furthermore, the recent discovery of an electromagnetic counterpart to a gravitational wave detection (Abbott et al. 2017) has placed very stringent bounds on the (low redshift) propagation velocity of gravitational waves, ruling out large classes of relativistic modified gravity theories that predict gravitational wave propagation at velocities other than the speed of light (Boran et al. 2018) . If observational data of galaxies within clusters consistently contradicts the results of this study, this may present a significant challenge to the presence of an external field effect, putting pressure on the standard non-relativistic formulations of MOND. Other formulations that do not predict an external field effect (e.g. modified inertia) are known, but are much less studied, and have highly unusual theoretical properties, such as extreme non-locality (Milgrom 2006; Alzain 2017) .
The consequences for the dynamics of galaxies and galaxy clusters of modifying gravity are profound and varied. Further investigations along these lines, using numerical simulations within the MOND context, may allow us to find further interesting and potentially observable signatures.
